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ABSTRACT Many industrial experiments involve two types of factors: those
that are hard-to-change and those that are easy-to-change (ETC). Hard-to-
change (HTC) factors have levels that are difficult and/or expensive to
change. As a result, the experimenter would prefer to run the experiment
in such a manner as to minimize the number of times that he/she must
change the levels of these factors. Unfortunately, it is precisely the changing
of these levels that provides the information about the effects of the HTC
factors. Consequently, when we minimize the number of times we change
the levels of these factors, we also minimize the relevant information about
their effects.

This paper summarizes the structure and the analysis of industrial split-
plot experiments. The purpose of this article is to teach practitioners how
to identify split-plot experimental conditions, how to run the experiment
efficiently, and then how to analyze the results. The article illustrates both
first-order and second-order experiments. The first four sections provide a
basic background on experimental design and an introduction to first-order
split-plot experiments. The remainder of this article contains more advanced
topics dealing with second-order, split-plot experiments.

KEYWORDS design of experiments, response surface methodology, split-plot
experiments

1. INTRODUCTION

In an effort to continually improve their products, many organizations
engage in some form of quality initiative, such as Six Sigma. A commonly
used approach involves a sequence of designed experiments, where the
results from the initial experiments guide the design of future experiments.
Response surface methodology (RSM) is an example of such a strategy for
product or process optimization.

This article seeks to introduce industrial split-plot experiments to practi-
tioners with various levels of background in experimental design and
analysis. The first section gives an overview of the fundamentals of designed
experiments. Section 1 is an introduction that is intended to serve as both a
refresher for those familiar with experimental design and as a primer for
those less familiar. The next three sections cover the necessary information
for designing and analyzing a basic split-plot experiment. Section 2 is an
overview of the structure of a basic split-plot experiment. The third section
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presents some simple examples of split-plot experi-
ments. Section 4 discusses the design and analysis
of first-order split-plot experiments. The fifth section
provides the general conditions on designs that
make the ordinary least squares (OLS) estimates of
the model parameters equivalent to the generalized
least squares (GLS) estimates. Section 6 addresses
second-order split-plot experiments. This article con-
cludes with some suggested reading for those who
would like more information.

1.1. Design of Experiments

Design of experiments involves making simul-
taneous, intentional changes to process input vari-
ables, called factors, in order to observe changes in
the output response. Before conducting an experi-
ment, the experimenter must identify the potentially
important factors and then define the appropriate
levels for these factors. A treatment or treatment com-
bination is simply a specific combination of the levels
of all the factors used in the experiment. If all of the &
factors are at two levels, then a full factorial involves
running all of the 2* treatment combinations.

Experimental protocol leads to two types of units:
experimental units and observational units. The smal-
lest unit of experimental material to which a treatment
can be applied independently of all other units is
known as the experimental unit. By definition experi-
mental units must be able to receive different treat-
ments. Each experimental unit contains one or more
observational units on which the measurements are
taken. It is crucial to note that by their nature observa-
tional units for the same experimental unit must receive
the same treatment. Consequently, the treatments are
not assigned independently to the observational units.

In most experiments, the experimental unit and
the observational unit are the same. For example,
consider an experiment that applies a treatment com-
bination to a cylindrical object and then measures the
object’s breaking strength. Because the smallest unit
to which a treatment is applied is an individual cylin-
der and the single measurement of breaking strength
is also taken on the cylinder, then both the experi-
mental and observational units are the same cylindri-
cal object. However, suppose the moistness of a cake
is of interest. This experiment mixes up the process
factors, which are poured into a pan and then baked.
After the cake is baked, suppose it is cut into four
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slices, and the moistness is measured for each slice.
The experimental unit is the cake because it is the
smallest unit to which the factor combinations were
applied independently of any other combination.
The observational units are the smaller sections from
each cake because the moistness measurements are
taken on them. This distinction is important for all
experimental designs because the variation among
the experimental units is the basis for the experi-
mental error used in the analysis of the data. In the
cake example, it is common to average the four
moistness responses for each cake and use that aver-
age as the response. We will return to this important
topic later for split-plot experiments.

People often speak of three basic principles for
the conduct of experimental design:

e randomization,
e replication, and
e local control of error

Randomization means randomly assigning the treat-
ments to the experimental units. This typically involves
using a computer or random number table to mix the
treatments up into some random order. Randomiza-
tion ensures that every experimental unit has an equal
chance of receiving any specific treatment. Besides
helping to satisfy certain statistical properties of the
analysis, randomization helps to eliminate the effect
of any extraneous factors on the results. Replication
means assigning at least one treatment to more than
one experimental unit. The main purpose of repli-
cation is to create an estimate of experimental error
which can be used to construct statistical tests for fac-
tor significance. Local control of error seeks to mini-
mize the impact of effects of possible “nuisance”
influences not of direct concern for the specific
experiment. Blocking, which is a classic example of
local control of error, groups similar experimental
conditions into “blocks.” For example, suppose an
experiment requires more than one batch of raw
material. The experimenter recognizes that batches
of raw material differ, but the differences among
these batches are not of interest to the experimenter.
Essentially, the batches of raw materials represent a
source of nuisance variation. Blocking refers to run-
ning one set of treatments using one batch of raw
material and then another set of treatments using a dif-
ferent batch. It is important to note that blocking
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affects randomization. In the first block, the treat-
ments are run in some random order. In the second
block, the treatments are run according to a second
randomization scheme. It is important to note that
while the batch defines a block, it is not a factor in
the experiment. The experimenter does not control
the batch or make intentional changes to the batch
levels (the levels are simply one and two). The exper-
imenter simply is acknowledging that there could be
batch differences and wants to make sure the factor
comparisons are as unaffected as possible by these
block differences.

There are many types of experimental designs
including the split-plot design. The completely ran-
domized design (CRD) and the randomized com-
plete block design (RCBD) are the two most
commonly used industrial experimental designs. In
a CRD, the ¢ treatments are replicated r times, and
all of the N= 17t runs in the experiment are per-
formed in random order. In other words, suppose
t =4 and r = 3. Think of putting 12 slips of paper
in a hat (3 from each of treatments 1-4). Select one
piece of paper and run that treatment first. Then, sel-
ect another piece of paper and run that treatment
next. Continue until all 12 pieces have been selected
(see Table 1). In a RCBD, the ¢ treatments are repli-
cated r times in b blocks with » = b. Using the same
scenario as above, place just one piece of paper for
each treatment in the hat (so there are only four
pieces of paper in the hat). For block one, select a
piece of paper and assign that treatment to the first

TABLE 1 One Possible Randomization for a Completely
Randomized Design (CRD) with Four Treatments and One Possible
Randomization for a Randomized Complete Block Design (RCBD)
with Four Treatments in Three Blocks

RCBD
CRD

Treatment Block

Treatment

AW BNW-~LADWNN-=-
w w w wWwiNNDNN=L A A
W=aNBAN-DWD = WN

unit. Select another piece of paper and assign that
treatment to the second unit. Once all four pieces
of paper have been selected, place them back in
the hat and repeat the process for blocks two and
three. Notice now that in the first four runs of block
one, it is guaranteed that all four treatments are run.
So essentially a block design restricts how the rando-
mization is done, see Table 1. Hopefully, it is clear
that the experimental protocol accounts for any
possible differences among the blocks, which then
minimizes the effect of the blocks on the treatment
analysis. In essence, the proper design of the experi-
ment allows the analyst to remove the nuisance vari-
ation created by the blocking variable.

1.2. Analysis of Variance

Consider a 12 run CRD involving a single factor
with four levels. In this case N = 12, t = 4 treatments,
and r = 3 replicates for each treatment. In this case,
the total number of experimental runs, N, is N = 7.
The analysis of data from this experiment is referred
to as a one-way analysis of variance (ANOVA). The
one here refers to having only one factor. It is useful
to describe the experimental situation using a model.
For this example, an appropriate model is

Vj=p+¢€ fori=1234=tandj=1,23=r
where Yj; is the response for the jth observation from
treatment 4, i; is mean of the ith treatment, and ¢; is
the random error associated with the jth replicate of
the ith treatment. Let

tr Z E Yif
and Y = et il
N
The dot notation simply means the summation over
the particular subscript.

The question of interest from this experiment is
whether there are any differences among the treatment
means. Statistics addresses this question through a
hypothesis test. The appropriate hypotheses are

null hypothesis : Hy : u; = p, = pz =

alternative hypothesis : H; : at least one #
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TABLE 2 Analysis of Variance Table for One Factor with Four Levels

Source of variation Degrees of freedom Sums of squares Mean square F-statistic
Treatment t—1=3 SStrear = Y4y (Vi = ¥.)? MSrea = 752 F= %
Error N—t=8 SSprmor = Yoy Syt (Y = ¥4 )? MSgrror = Stz

Total N—1=11 SStotar = Y iy Yo (Y = Y.)°

An ANOVA table is used to make a decision about
the two hypotheses by breaking down the variation
in the data. Table 2 shows the appropriate ANOVA
table for this example. The sums of squares column
breaks down the total variation in the data into the
important pieces for the experiment. The degrees
of freedom are the number of independent elements
in the sums of squares. The mean squares are stan-
dardized versions of the sums of squares. If the F-
ratio is large, there is statistical evidence that at least
one treatment mean is different from the others (i.e.,
there is support for the alternative hypothesis).

Consider a variable called Rep that indicates how
many of each treatment are run. In our example,
Rep would look like

11 2 2 2 3 3 3 4
2 3 1 2 3 1 2 3 1 2 3

Treatment |
Rep |

1
1

It is important to note that the sums of squares
error from the CRD in Table 2 is identical to a more
complicated statistical modeling term involving nest-
ing (because what is called Rep 1 in treatment 1 is not
the same as what is called Rep 1 in treatments 2 and
3). Hence, the term is written as Rep(treatment) and

indicates that Rep =1 in treatment one is not the
same as Rep = 1 in treatment two. In other words,

t r
SSch(Trcatment) = Z Z(Yl] - Yi.)z = SSErr()r(CRD)
=1 j=1

and the degrees of freedom are t(r—1) = 4(3—1) = 8,
which is the same as the degrees of freedom from the
CRD error term in Table 2. This nested idea will play
an important role in the analysis of the split-plot
design shown in later sections. For more details on
design of experiments and their analysis, see
Montgomery (2004).

We will now build on this basic introduction to
design of experiments and analysis of variance to
understand how to recognize and analyze a split-plot
experiment.

S. M. Kowalski et al.

2. INTRODUCTION TO SPLIT-PLOT
EXPERIMENTS

Industrial experimenters often encounter situations
where some experimental factors are hard to change
or where there is significant discrepancy in the size
of some experimental units. In particular, it may be dif-
ficult to change the level for one of the factors. In this
case, practitioners typically fix the level of the difficult-
to-change factor and run all the combinations of the
other factors, which leads to a split-plot design. Indeed
the mixture of hard-to-change (HTC) and easy-to-
change (ETC) factors is probably the norm rather than
the exception in industrial practice. Too frequently,
practitioners analyze a split-plot experiment as a
CRD, which often leads to very misleading conclu-
sions, especially with regard to the HTC factors.

Split-plot designs have their origins in agricultural
experiments. In these experiments, a factor such as
irrigation method is randomly applied to large sec-
tions of land (called whole plots). These sections
then are split into smaller plots (called subplots)
and another factor, such as different fertilizers, is
applied in random order (see Table 3). In split-plot
experiments, the experimental units for the whole-
plot factors (irrigation method) are large. The smaller
plots represent observational units (or repeats) for
the whole-plot factor, but they are the experimental
units for the subplot factors (fertilizer type). This is
extremely important because, as discussed earlier,
experimental error comes from replication of experi-
mental units. Therefore, the analysis of a split-plot
design will consist of two error terms because there
are two types of experimental units.

Table 3 is similar to the RCBD discussed in the first
section. However, as pointed out in Section 1, a block
variable is not intentionally changed to see its effect on
the response (i.e., it is not a factor in the experiment).
Clearly, irrigation method is a factor and is intentionally
changed. Section 4 discusses in more detail the differ-
ences between a split-plot design and a block design.
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TABLE 3 An Agricultural Split-plot Design

Apply irrigation method 1

Apply irrigation method 2

Apply irrigation method 2

Apply irrigation method 1

Apply fertilizer 1
Apply fertilizer 3
Apply fertilizer 4
Apply fertilizer 2

Apply fertilizer 2
Apply fertilizer 1
Apply fertilizer 3
Apply fertilizer 4

Apply fertilizer 3
Apply fertilizer 2
Apply fertilizer 1
Apply fertilizer 4

Apply fertilizer 1
Apply fertilizer 4
Apply fertilizer 2
Apply fertilizer 3

In recent years, industrial experimenters have
recognized the importance of split-plot designs (see
Huang et al., 1998; Bingham and Sitter, 1999, 2001;
Bisgaard, 2000; Bisgaard and Kulahci, 2001). Most
of this work focuses on first-order models and the
design of screening experiments. In addition, some
work has been done on split plots in the robust para-
meter design setting (Box and Jones, 1992, 2001;
Bisgaard, 2000; Kowalski, 2002).

3. EXAMPLES OF INDUSTRIAL SPLIT-
PLOT EXPERIMENTS

HTC factors occur often in real world applications.
Many times the water chilling temperature used in
injection molding processes can be considered
hard-to-change because of the time to stabilize. Wind
tunnel experiments often require the tunnel to be
shut down in order to change certain environmental
factors, which again takes a significant amount of
time to restabilize the tunnel conditions.

Consider an experiment that examines the image
quality of a printing process. The four factors, all at
two-levels, identified as potentially important are:
(a) Blanket type (in terms of thickness), (b) Cylinder
gap, (o) Ink flow, and (d) Press speed. Changing the
cylinder gap, ink flow, and press speed is a very sim-
ple procedure and merely consists of making an
adjustment on a control panel while the printing
press is still running. Therefore, these three are the
ETC factors in the experiment. Changing the blanket
type, on the other hand, requires the press to be
stopped and a manual replacement of the blanket
type. Thus, blanket type is a HTC factor. A CRD
would run the 16 treatment combinations in a ran-
dom order, requiring frequent stopping of the press
so that the blanket type could be changed. Instead,
a split-plot design could be used with one whole-
plot variable and three subplot variables. A clever
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experimenter can run the same 16 combinations only
changing the blanket type twice.

Kowalski and Potcner (2003) give a nice over-
view of how to recognize a split-plot design in
industry. One of their examples involves the water
resistance property of wood, which can be related
to the type of wood pretreatment and the stain type
used. Consider an experiment involving two types
of pretreatment and four types of stains. It is diffi-
cult to apply the pretreatment to a small piece of
wood. Therefore, the experiment is conducted by
applying a pretreatment to a an entire board, then
the board is cut into four pieces and the different
stains are applied. As a result, the experimental unit
for the pretreatment is an entire board while the
experimental unit for the stain is one of the smaller
cut pieces.

An example of robust parameter design involves
finding the settings that optimize the moisture con-
tent of a cake. Consider flour, oil, and egg powder
as the design factors. The noise factors are oven tem-
perature and baking time. Fixing the temperature and
time allows eight cakes to be baked together. Desig-
nating the noise factors as the whole plots and the
design factors as the subplots creates an efficient
split-plot design.

Simpson et al. (2004) study the lift and drag of a
racecar in a wind tunnel experiment. The front and
rear end heights of the car were hard-to-change fac-
tors because the wind tunnel had to be shut down
and it took about 45 minutes to change either factor.
In addition, the yaw angle and grille cover were two
ETC factors. They showed how using a split-plot
design reduced the experimental time by about 1/3
over a CRD.

4. FIRST-ORDER SPLIT-PLOT EXAMPLE

Many designed experiments in industrial environ-
ments result in split-plot applications. For every

Tutorial: Industrial Split-plot Experiments



split-plot experiment there are two randomizations.
The hard-to-change factors, often called whole-plot
treatments, are randomly assigned to whole plots
based on the whole-plot design. Within each whole-
plot, the ETC factors, often called subplot treatments,
are randomly assigned to subplots with a separate ran-
domization within each whole-plot. As previously
mentioned, this strategy leads to a split-plot design
where the experimental unit for the HTC factors is sub-
divided into experimental units for the ETC factors. As
previously mentioned, a consequence of this is that
there are two error terms: one for the whole-plot treat-
ments and one for subplot treatments. Typically, the
interaction between whole-plot treatments and subplot
treatments is a subplot effect as well.

We use an example to illustrate the design and
analysis of a split-plot design for fitting a first-order
model with interactions. Consider an experiment
involving the strength of plastic. The four factors
identified as potentially important are: (a) baking
temperature, (b) additive percentage, (c) agitation
rate, and (d) processing time. Each factor has two
levels: low = —1 and high = 1. The levels are left in
coded units for proprietary reasons. The experiment
first makes a mold from the additive percentage, the
agitation rate, and the processing time. Then the
mold is baked at one of the temperatures. Finally,
the strength of the plastic is measured.

Consider two replicates in order to estimate the
experimental error. To conduct this experiment as a
CRD, all 2* = 16 treatment combinations would be
run twice in random order, yielding 32 observations.
This involves making 32 molds, which represent four
for each of the eight different combinations of addi-
tive, rate, and time. Then, these 32 molds would be
baked each individually at one of two temperatures.

If the experiment is conducted in this manner, it
would involve frequent changes to the baking oven’s
temperature, which takes some time to stabilize. A
CRD also implies each run of the oven is a true
experimental run, which means 32 separate runs of
the oven. Such an approach adds considerable time
and expense to the experiment.

It is important to note that the oven can accommo-
date more than one mold at a time. A more efficient
approach bakes all 2°=8 mold combinations
involving additive percentage, agitation rate, and
processing time for one temperature setting at the
same time. This would be followed by another run
of the oven at the other temperature level, repeating
the process until all the desired number of replicates
for the temperature factor (two in our example)
are run.

We note that such an approach is no longer a CRD
but a split-plot design because

e the experimental unit for temperature is the oven
while for the other three factors (additive percent-
age, agitation rate and processing time), the
experimental unit is one mold of plastic. There-
fore, the observational units for the temperature
factor are the experimental units for the other
three factors.

e Temperature is a HTC factor, and the three
ETC factors are varied within a level of the
HTC factor.

e The temperature factor uses a different randomiza-
tion scheme from the other factors. First, a tem-
perature is chosen at random, then the eight
combinations of the ETC factors are randomly
assigned within the oven.

TABLE 4 Layout of Split-plot Design for Plastic Example (Additive is Abbreviated as Add)

High temperature Low temperature

Low temperature High temperature

Add Rate Time Add Rate Time

Add Rate Time Add Rate Time

-1 1 1 1 -1 -1
1 -1 1 1 -1 1
-1 -1 -1 -1 1 -1
1 1 1 1 1 1
-1 1 —1 —1 1 1
1 -1 —1 1 1 -1
-1 -1 1 —1 -1 1
1 1 -1 -1 -1 -1

-1 -1 —1 -1 -1 -1
-1 -1 1 1 1 -1
1 1 -1 -1 1 1
1 1 1 1 -1 -1
-1 1 —1 —1 1 -1
1 -1 1 1 1 1
-1 1 1 1 —1 1
1 -1 —1 -1 -1 1

S. M. Kowalski et al.



The resulting design (see Table 4) looks similar to a
block design. However, there are several differences:

e A block is a collection of relatively homogenous
experimental units. It is not a factor that is applied
to the experimental units. For example, consider
an experiment replicated twice with each replicate
run on a different day. Thus, the design is blocked
by day. The experimenter does not apply the day
(say Wednesday) to the units. Therefore, it is not
under the control of the experimenter. Instead,
day represents a collection of experimental units.

e In some experiments, the HTC by ETC factor inter-
actions are important to estimate. For example, con-
sider a robust parameter design situation. Suppose
the HTC factor represents a noise factor, and the
ETC factors represent the design factors. The main
focus of the experiment is to understand the noise
by design interactions. In a randomized complete
block design, we cannot estimate the interaction
between blocks and treatments since this interaction
represents the error term.

e There is only one error term in a block design
because there is only one type of experimental unit.

The main purpose of using blocks is to get groups of
units that are more homogenous and to remove the
variation between blocks from the estimate of
experimental error.

The split-plot design for this experiment is just an
extension of a two-level factorial design. Therefore,
the design supports the fitting of a first-order model with
interactions. In general, we could write the model as

Y = WP factors + WP error + SP factors
+ WP x SP interactions + SP error

where WP represents whole-plot and SP represents sub-
plot. For our particular example, temperature is the
whole-plot factor. Additive percentage, agitation rate
and processing time are the subplot factors. It is some-
times easier to think of the analysis of a split-plot experi-
ment as two separate experiments corresponding to the
two levels of the split-plot experiment: the whole-plot
level and the subplot level.

4.1. Whole-plot Level Only

Again, suppose the experiment uses two replicates
of the temperature factor with the data shown in
Table 5. This approach involves four uses of the oven:
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two at the high temperature setting and two at the low
temperature setting. For now, focus on only these four
oven uses, ignoring the other three factors. Because
the molds from the other three factors represent
observational units for temperature, the 8 repeats in
each oven will be averaged, which results in only four
observations, each being the mean of one of the
whole plots. Because these four oven cycles are ran-
domly assigned a temperature, the whole-plot design
can be thought of as a CRD with two replicates.
Because there is only one factor, temperature, the
analysis is a one-way analysis of variance with tem-
perature at two levels. Hence, there are 4—1=3 total
degrees of freedom (df) for the whole-plot level of the
experiment. Temperature has 2—1=1 df since it has

TABLE 5 Data for the Plastic Example

Whole-
Whole- plot
plot Temp Additive Rate Time Strength mean
1 1 -1 1 1 68.5
1 1 1 -1 1 66.8
1 1 -1 -1 -1 58.5
1 1 1 1 1 70.8 62.94
1 1 -1 1 -1 61.3
1 1 1 -1 —1 51.9
1 1 -1 -1 1 59.5
1 1 1 1 -1 66.2
2 -1 1 -1 -1 57.4
2 -1 1 -1 1 57.5
2 —1 -1 1 —1 56.5
2 -1 1 1 1 63.9 57.81
2 -1 -1 1 1 56.4
2 -1 1 1 -1 58.1
2 -1 -1 -1 1 53.2
2 —1 -1 -1 —1 59.5
3 -1 -1 -1 -1 66.6
3 -1 -1 -1 1 63.9
3 -1 1 1 -1 62.6
3 -1 1 1 1 63.2 62.93
3 -1 -1 1 -1 56.1
3 -1 1 -1 1 63.3
3 -1 -1 1 1 62.7
3 -1 1 -1 -1 65.0
4 1 -1 -1 -1 59.5
4 1 1 1 -1 64.0
4 1 -1 1 1 68.0
4 1 1 -1 -1 65.6 64.34
4 1 -1 1 -1 58.6
4 1 1 1 1 73.3
4 1 1 -1 1 61.5
4 1 -1 -1 1 64.2

Tutorial: Industrial Split-plot Experiments



TABLE 6 Whole-plot Analysis of the means using MINITAB

Source df SS MS F p
Temperature 1 10.68 10.68 1.52 .343
Error 2 14.05 7.02

Total 3 24.73

two levels and there are 2 df for error coming from the
two replicates (1 df from running the high level twice
and 1 df from running the low level twice).

Table 6 shows the whole-plot analysis using the
means from each whole-plot. This analysis gives the
F-statistic = MSyepp/MSeror and the p-value. Please
note that the sums of squares in Table 6 are reduced
by a factor of 8 (the number of subplots in each
whole-plot) from what will be produced from the
actual split-plot analysis later. Recall from Section
1.2 that the error term in a CRD is a nested term. In
other words, if we number the four uses of the oven
temperature 1-4 and call it WP (similar to Rep in Sec-
tion 1.2), then the error term (MSg;o,) from Table 6 is
the same as putting the nested term WP (temperature)
in the model and indicating that WP is random. We
point this fact out because in some popular software
packages, such as MINITAB and Proc GLM in SAS, the
user must build the whole-plot error term by entering
this type of nested term (see the Appendix). It is not
necessary to do this when using the whole-plot
means as we have done above, but it is necessary
when doing the combined analysis presented next.

4.2. Split-plot Analysis
The first-order model including two-factor interac-

tions for our split-plot design is

Strength = f, + $,Z + whole-plot error + f£,X;
+ B3 X5 + PiXi + Pr3Xo X5 + [ X0y
+ B34 X3Xi + f12ZX0 + P13ZX5
+ p14ZX4 + subplot error

FIGURE 1 Understanding the two errors in the example.

S. M. Kowalski et al.

where

e f, is the intercept

e the other ff's are the corresponding coefficient for
the main effects and two-factor interactions

e 7 represents temperature (the HTC factor)

e X, is additive, X3 is rate, Xy is time (the ETC factors)

and there are two error terms: one for the tempera-
ture effect (whole-plot error) and one for all the other
terms (subplot error), see Figure 1. It is important to
note that the whole-plot by subplot interactions are
generally subplot terms, see Bisgaard (2000). An
analysis of variance approach can be used to deter-
mine which effects are significant. Table 7 gives the
split-plot analysis. Notice that the F-statistic and
the p-value for the temperature term are identical to
the analysis of the whole-plot means from Table 6.
However, as pointed out earlier, the sums of squares
are eight times larger in Table 7 because of not aver-
aging the eight subplots in each whole-plot.

Split-plot experiments sacrifice information and pre-
cision on the whole-plot factors to gain precision on
the subplot factors and the whole-plot by subplot inter-
actions. This approach typically leads to the whole-plot
error being much larger than the subplot error, which is
the case for most split-plot experiments, but it is not
always true. We can see from Table 7 that the whole-
plot error for our example is almost six times the size
of the subplot error. Using a significance level of
0.05, the following terms are significant: additive, time,
rate X time interaction, temperature X rate interaction,
and temperature X time interaction.

Many times in practice the split-plot nature of the
design is overlooked, and the data are analyzed as if
they came from a CRD, see Potcner and Kowalski
(2004). Because there is only one error term for testing
all of the effects in a completely randomized analysis,
it should be intuitive that this error term lies some-
where between the whole-plot error and the subplot



TABLE 7 sSplit-plot Analysis for Plastic Experiment using
MINITAB

78.438 78.438 8.02 0.011
62.440 62.440 6.38 0.021
185.858 9.782
763.010

Temp*Rate
Temp* Time

SP Error 1
Total 3

Source df SS MS F p
Temp 1 85.478 85.478 1.52 0.343
WP Error 2 112.391 56.195 * *
Add 1 45.363 45.363 4.64 0.044
Rate 1 41.178 41.178 4.21 0.054
Time 1 75.953 75.953 7.76 0.012
Add*Rate 1 27.938 27.938 2.86  0.107
Add*Time 1 2.940 2940 030  0.590
Rate*Time 1 43.945 43.945 4.49 0.047
Temp*Add 1 1.088 1.088 0.11 0.742

1

1
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1

*Not necessary to test.

error. In addition, the completely randomized error
term tends to be closer to the subplot error because
there are typically more degrees of freedom at the
subplot level. Using this one error term can lead to
overstating significance of the whole-plot effects
because the actual error term used is smaller than
the correct whole-plot error term. Also, using this
one error term can lead to understating significance
of the subplot effects (including the whole-
plot x subplot interactions) because the actual error
term used is larger than the correct subplot error term.
It is easy to calculate the completely randomized error
term from the split-plot analysis. It is simply

WP error SS + SP error SS
WP error df 4 SP error df

Note, this is the incorrect completely randomized
error term from carrying out the experiment as a
split-plot. It is not the error term that would have
resulted from running the experiment as a CRD (ran-
domly running all 16 combinations twice).

For the plastic experiment, the incorrect com-
pletely randomized error term is

112.391 + 185.858

= 14.203.
2+ 19

Using this error term for all effects and a significance
level of 0.05, the following terms are significant:
temperature, time, temperature X rate interaction,
and temperature X time interaction. Notice that the
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temperature main effect is claimed to be significant
and the main effect for additive and the rate x time
interaction are thought to be insignificant.

The correct analysis of a two-level split-plot
design is fairly straightforward with available soft-
ware. The Appendix gives the SAS and MINITAB
code for generating the correct split-plot analysis
for the plastic example shown in Table 7. Some
extensions to the basic first-order split-plot design
and analysis are:

e more than one HTC factor

e having more than one level of split-plotting, typi-
cally referred to as a split-split-plot design

e using a fractional factorial in each whole-plot

e no replication of the hard-to-change factor

e response surface designs with HTC factors.

We began this article with some basic experi-
mental design philosophy. Then, we introduced an
important extension called the split-plot design,
which is very common in industry because of the
time and/or cost constraints on certain factors. A
thorough presentation on the design and analysis
of the basic first-order split-plot case has been given.
These first four sections are meant to serve as a
tutorial for the everyday practitioner. The next two
sections are more advanced. They focus on the
last bullet above and are presented for those practi-
tioners who need to optimize a process that involves
HTC factors.

5. AN EQUIVALENCE RESULT

Vining et al. (2005) (VKM) study the conditions
under which split-plot experimental designs produce
OLS estimates of the model that are equivalent to the
GLS estimates. It is easy to produce experimental
designs for the first-order model and for the first-order
model plus interactions. However, it is more difficult
to construct experimental designs that achieve this
equivalence for the second-order model. Parker,
Kowalski, and Vining (2000a, b) provide a catalog of
balanced designs (the same number of subplots
in each whole-plot) that achieve this equivalence.

In some sense, the OLS-GLS equivalence can be
thought of as an optimality criteria. Equivalent esti-
mation designs possess many important attributes:

Tutorial: Industrial Split-plot Experiments



e Model parameter estimates are independent of the
variance components. This is an attractive feature
because the usual estimation technique involves
GLS and requires estimation of the variance
components.

e Model parameter estimates are BLUE (best linear
unbiased estimate).

e Equivalent estimation designs can be constructed
such that the equivalence property holds for any
projected model consisting of a subset of terms
from a complete second-order model. In this way,
prior assumptions of a model do not influence the
choice or performance of the design; only that the
design supports the model.

e Model estimation is straightforward using OLS,
which can be easily performed with software cap-
able of matrix manipulations and any statistical
software package. Furthermore, OLS estimation is
approachable to practitioners with modest statisti-
cal training. For a discussion of the inferential
advantages of equivalent estimation designs see
Vining and Kowalski (2000).

e The designs can be augmented by replication,
which enables pure-error estimates of the variance
components. From pure-error estimates, we can
construct a model-independent estimate of the vari-
ance-covariance matrix of the parameter estimates.

These features make OLS-GLS equivalent designs
attractive to practitioners.

6. SECOND-ORDER SPLIT-PLOT
EXAMPLE

Frequently scientific research employs second-
order response surface designs to reveal factor levels
that improve system performance. As an example,
consider an aerodynamic configuration study to
identify the best airfoil configuration that maximizes
the coefficient of lift (response) during take-off and
landing of a passenger aircraft, as discussed by Payne
et al. (2000). A wind tunnel experiment using a
scaled aircraft model allows two parameters of the
outboard control surface on the trailing edge of the
wing, known as the flap, to be varied in its offset
gap (zp and deflection angle (z;), see Figure 2.
Changing the levels of either configuration variable,
Z) Or 2z, requires a costly and time consuming per-
sonnel access into an environmentally controlled test
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FIGURE 2 Diagram of main wing element denoting the flap
deflection and gap for the aerodynamic configuration experiment.

section to make the necessary configuration adjust-
ments. Therefore, these two factors present a practi-
cal restriction on randomization. Furthermore, we
desire a design strategy that minimizes the number
of levels and settings of these HTC factors in order
to achieve high experimental efficiency from both a
cost and statistical perspective.

In addition to these HTC factors, the effect of
model attitude relative to the airflow, known as the
angle-of-attack (x1), and Reynolds number (x,), a
flow field parameter enabling full-scale flight corre-
lation, are studied. Specific levels of the Reynolds
number are achieved by setting the temperature
and pressure of test environment. The setting of
the angle-of-attack and Reynolds number can be per-
formed remotely from outside of the test section;
making them relatively ETC factors. Therefore, we
require a second-order split-plot design for two
HTC and two ETC factors.

Payne et al. (2000) noted the presence of HTC fac-
tors in this experimental investigation, however they
did not employ a split-plot design. In this section, we
explore the execution of this experiment as a second-
order split-plot design. Since the original researchers
did not conduct this experiment as a split-plot design,
we have simulated the data based on the original
results. The design factors are provided in coded
units and the response has been multiplied a factor
of 10,000 to covert the lift coefficient to counts. In
addition, the intercept has been set equal to zero in
the simulation, thereby expressing the response as
the relative change in the coefficient of lift.

To build the design, we follow the construc-
tion strategy proposed by Vining, Kowalski, and
Montgomery (2005) and begin with a popular
three-level spherical design in four factors, known
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TABLE 8 Data for Aerodynamic Configuration Example Based on a Split-plot Box-Behnken Design for D(2, 2) (z; and z, are HTC Factors,

X; and x, are ETC Factors)

Whole-plot Z4 Z> X1 X y Whole-plot Z4 Z; X1 X y

1 —1 -1 0 0 —779.08 7 0 -1 -1 0 —2531.95
1 -1 -1 0 0 —787.94 7 0 -1 1 0 2281.86
1 -1 —1 0 0 —777.95 7 0 —1 0 -1 —-440.14
1 —1 -1 0 0 —798.51 7 0 -1 0 1 83.73
2 -1 1 0 0 472.72 8 0 1 -1 0 —2433.91
2 -1 1 0 0 486.24 8 0 1 1 0 2393.37
2 -1 1 0 0 470.04 8 0 1 0 -1 —379.46
2 -1 1 0 0 471.14 8 0 1 0 1 210.95
3 1 -1 0 0 —157.34 9 0 0 -1 -1 —2680.81
3 1 —1 0 0 —152.63 9 0 0 —1 1 —2558.52
3 1 -1 0 0 —145.39 9 0 0 1 -1 1683.26
3 1 -1 0 0 -161.69 9 0 0 1 1 2669.83
4 1 1 0 0 —1246.41 10 0 0 0 0 15.28
4 1 1 0 0 —1250.66 10 0 0 0 0 12.98
4 1 1 0 0 —1255.47 10 0 0 0 0 7.01
4 1 1 0 0 —1262.32 10 0 0 0 0 -1.22
5 -1 0 -1 0 —2653.34 11 0 0 0 0 1.70
5 -1 0 1 0 2208.63 11 0 0 0 0 —6.66
5 -1 0 0 -1 —667.63 11 0 0 0 0 -17.70
5 -1 0 0 1 94.61 11 0 0 0 0 —7.04
6 1 0 -1 0 —3167.77 12 0 0 0 0 —14.34
6 1 0 1 0 1571.00 12 0 0 0 0 -21.35
6 1 0 0 -1 -1010.47 12 0 0 0 0 —-17.58
6 1 0 0 1 —689.23 12 0 0 0 0 2.19

as a Box-Behnken (BBD; Box and Behnken, 1960).
Rearranging the completely randomized version of
the design, and replicating subplot center runs to bal-
ance the whole-plot size, results in the split-plot
design shown in Table 8. This design features
m = 12 whole plots with n =4 subplot runs per
whole-plot. We have augmented the base design with
m, = 3 replicates of the whole-plot containing all
centers points (whole plots 10, 11, and 12) to enable
a pure-error estimate of the whole-plot variance.

Note that the design is shown in standard order. In
practice, the whole plots and the subplot runs within
each whole-plot would be executed in a randomized
order and require the resetting of the factor levels
between every experimental run. Failing to reset
the factors between consecutive runs will influence
the estimated variance components and could lead
to inappropriate inference, as previously illustrated
in the first-order case.

To visualize a split-plot design structure, we find it
useful to use a nested diagram; plotting the HTC and
ETC factor combinations separately. Figure 3 pro-
vides a graphical representation of the design in
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Table 8 and illustrates the distribution of the design
points within the whole-plot and subplot design
spaces. Note that there are two whole-plot designs
superimposed at the center of the design space repre-
senting the structure of whole-plot number 9 and 10.

FIGURE 3 D(2,2) Split-plot Box-Behnken design for the aerody-
namic configuration experiment (z; and z, are hard-to-change and
X, and x, are easy-to-change factors).

Tutorial: Industrial Split-plot Experiments



We can numerically verify that this design pos-
sesses the property of equivalent estimation by test-
ing the following condition defined by Parker,
Kowalski, and Vining (2000),

XK = JX,

where X is the Nx p model matrix for a complete
second-order model including the intercept, N is
the total number of runs, p is the number of terms
in  the model, K = (X'X) 'XJX, and
Jyxy =L, ®]J,. The block diagonal matrix J for
the design in Table 8, where N = 48, is given by

LI, o -~ 0

0 LI, -~ 0

J - . . . .
0 0 - LI

For this particular design, the X matrix is

X=[1z12,2122 zf z% X1 502 X1 X2 2161 212 22X1 22X xf xﬁ]

where the elements in X are vectors of length N
representing each model term.

A feature of this design is that it supports pure-error
based estimates of the variance components. First, we
obtain a pooled estimate of the subplot error variance as

ms

2
2151-
2 _i=
SSP - ’
S

where §? is the sample variance for the /™ whole-plot
containing subplot replicates, and i, is the number of
whole plots of this type The E(S%,) = a2, the subplot
variance. Therefore, ‘73 = S2, is an unblased estimate
of a2 with mg(n — 1) degrees of freedom. Note that in
general the degrees of freedom for this estimate is equal
to the sum of the degrees of freedom for each sample
variance, S7.

Now for the whole-plot variance estimate, we let
Y, be the sample mean of the responses in the ith
whole-plot replicate, and Y. the overall mean of
the responses in the WP replicates and define S}, as

my )
> (Yi—Y7)
Sgp=—"-""—.
wpP m, — 1

The E(Sy,) = 05 + 10, where o3 is the whole-plot
error variance. Therefore, using the method of
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moments we obtain an unbiased estimate of a§ as
J— 1 A2

_0-67

L2 2
05 = Swp

with m,—1 degrees of freedom. If of 6§ < 0, then we
recommend biasing the estimate by setting it equal to
Zero.

Now applying this to our example data set, we
compute the subplot error term as follows.

Whole-plot 512]
1 91.0097
2 56.9785
3 48.6740
4 46.6284
10 54.2897
1 63.1898
12 107.6388
Total 468.4090

Because the design is balanced, the pooled esti-
mate of ¢* reduces to the unweighted average of
the subplot variance estimates as

468.4090

£2 2 _ : _
- =S, = > = 606.9156.

Next, we compute the whole-plot error term.
Whole-plot P

10 8.5128
1 —7.4259
12 —12.7698
Sflp 122.5913

Therefore, our estimate of the whole-plot error
variance 63 is
1
A2 2 A2
05 =Sup =7,

= 1225913~ (66.9156)
= 105.8624.

These pure-error estimates of the variance compo-
nents are used to form the estimated variance-covari-
ance matrix of the observations, X as

S =621+ 62,

where I is an N X N identity matrix. To estimate the
model coefficients, we utilize the OLS estimates,
which are equivalent to GLS for this design, as

B ors = (X'X) 71X1y .
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TABLE 9 Coefficients Using OLS and Standard Errors Using Pure Error Estimates of the Variance Components for the Aerodynamic

Example Using SAS Proc Mixed

Term Estimated coefficient Standard error df error t-statistic p Comment
Intercept —3.8943 6.3925 2 —0.61 0.6044

2z —277.8047 4.5202 2 —61.46 0.0003

Z, 43.4690 4.5202 2 9.62 0.0106

2125 —590.0894 5.5360 2 —106.59 0.0001

z7 —431.0115 6.9047 2 —62.42 0.0003

22 6.3182 6.9047 2 0.92 0.4568

X1 2402.8548 2.3614 21 1017.55 0.0000

X2 275.5522 2.3614 21 116.69 0.0000

X1X2 216.0703 4.0901 21 52.83 0.0000

Z1Xq —30.8003 4.0901 21 —7.53 0.0000

Z1X2 —110.2498 4.0901 21 —26.96 0.0000

Z5X1 3.3666 4.0901 21 0.82 0.4197

Z2X2 16.6373 4.0901 21 4.07 0.0006

X7 —77.5064 5.6058 2 -13.83 0.0052 approx.
x3 —135.6970 5.6058 2 —24.21 0.0017 approx.

The variance-covariance matrix for the OLS estimatesis

Var(BOLS) = (Xliilx)fl )

which is the same as for GLS. The estimated standard
errors for the coefficient estimates are the square root
of the diagonal elements of (X'S  X)".

Table 9 summarizes the resulting coefficient esti-
mates, standard errors, #-statistics, and p-values using
OLS and estimated errors based on the pure-error esti-
mates of the variance components (see the Appendix
for the SAS code). The test for the subplot pure qua-
dratics terms is approximate, as noted. Vining and
Kowalski (2006) provide a thorough treatment on infer-
ence; providing a residual based analysis method for
OLS-GLS designs. In addition, they establish design
conditions for which exact tests are possible and show
how to construct approximate tests when exact tests are
not possible. While the pure-error estimates of
the variance components are model independent, a
residual based estimate increases the inferential power
for the whole-plot terms by adding degrees of freedom.

7. CONCLUSIONS AND SUGGESTED
READING

Many of the real world industrial experiments involve
factors that are HTC. In these situations, experimenters
realize that the most efficient way to run an experiment
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is by fixing a level of the hard-to-change factor and
then running all or some of the combinations of the
easy-to-change factors. This is then repeated a few
times. As we have seen, this leads to a split-plot design.
It is equally important to account for the split-plot
nature of the design in the analysis of the data because
the split-plot experiment has two error terms.

We began with the first-order split-plot case
and introduced the basic analysis. The basic structure
of this experiment produces two different size experi-
mental units. This paper illustrated that understanding
the nested structure of the error term for the HTC
factor(s) leads to the correct split-plot analysis, which
can be done in most statistical software packages.

We have demonstrated how the typical complex
analysis requirements of split-plot designs can be
greatly simplified by the use of an OLS-GLS equiva-
lent design. In practice the conditions to build
equivalent estimation designs are easily achieved.
By finding the pure-error estimates and forming the
appropriate matrices, all of the calculations in this
example can be performed in any software package
capable of matrix manipulations, including common
spreadsheet applications. It is well-known that
restrictions on randomization can be accommodated
with a split-plot structure, however, these restrictions
may not be properly accounted for in the analysis.
We believe that the simplified approach to design
and analysis of split-plot designs presented in this
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article will facilitate broader application among
practitioners.

Montgomery (2004) is a good initial source to
learn more about the basics on first-order split-plot
designs. A very nice article to learn more about
first-order industrial split-plot experiments is Bis-
gaard (2000). He gives a comprehensive discussion
of running fractional factorials as split-plots. He uses
the formal alias structure rather than minimum aber-
ration as the basis for selecting designs. Although this
approach requires more work on the part of the
experimenter, it provides the most insight for the
practitioner. Bisgaard’s article represents an impor-
tant development for the industrial use of fractional
factorial experiments in a split-plot structure.

Cornell (1988) looks at running mixture component
with process factor experiments within a split-plot
structure. Essentially, he treats the process factors as
“noise” in the sense of robust parameter design. He
suggests crossing either a full factorial or a fractional
factorial design in the process factors with standard
mixture designs for the mixture components. This
article shows in great detail how to perform the analy-
sis of such experiments. In addition, Kowalski et al.
(2002) discuss a pure-error approach for mixture
component-process variable experiments run as
split-plot designs.

Parker et al. (2006a,b) give a nice catalog of
second-order split-plot designs. They propose
balanced designs that possess the OLS-GLS equival-
ence. They also outline designs based on the central
composite design that use a minimum number of
whole plots. In addition, they are some D-optimal
designs that achieve the OLS-GLS equivalence.
Finally, Vining and Kowalski (2006) discuss in detail
the testing issues for second-order split-plot designs.
They also propose appropriate residual plots for
evaluating the assumptions underlying the analysis.
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8. APPENDIX: COMPUTER CODE FOR
ANALYZING SPLIT-PLOT
EXPERIMENTS

Analyzing split-plot designs can be done using
many different statistical software packages. We have
used two packages: SAS and MINITAB. The SAS code
for the first-order case with the plastic example is
given below.

data spd;

input WP Temp Add Rate Time Strength;

datalines;

Enter the data here.

proc glm;

class WP Temp Add Rate Time;

model strength = Temp WP(Temp) Add Rate

Time Add*Rate Add*Time Rate Time
Temp*Add Temp*Rate Temp*Time;

test h = Temp e = WP(Temp) ;

run;

Notice that the nested term necessary for the
whole-plot error is entered manually. In addition, it
is necessary to specify the nested term as the error
term for testing temperature. The code is very similar
for SAS Proc Mixed, see below. The difference is that
it is not necessary to specify the error term for the
temperature factor, because SAS Proc Mixed recog-
nizes the appropriate whole-plot error term.

data spd;

input WP Temp Add Rate Time Strength;

datalines;

Enter the data here.

proc mixed;

class WP;
model y = Temp Add Rate Time Add*Rate Add*
Time RatexTime

Temp*Add Temp*Rate Temp*Time/
solution ddfm =
satterth;

random WP;

run;

Using MINITAB is sort of a combination of the two
SAS procedures above. In MINITAB, select Stat,
ANOVA, General Linear Model, then enter Strength
as the response and the same model as Proc GLM
above: Temp WP(Temp) Add Rate Time Add*Rate
Add*Time Rate*Time Temp*Add Temp*Rate Temp*-
Time. Finally, enter WP as a Random Factor similar
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FIGURE 4 MINITAB screen shot for first-order split-plot plastic
example.

to Proc Mixed above and hit OK, see the screen shot
in Figure 4.

Now consider the second-order Box-Behnken
design for aerodynamic configuration experiment.
The necessary SAS code is given below.

data spd;
input unique Rep z1 z2 x1 x2 y;
z12 = z1%z2;
z11 = z1%z1;
222 = z2%z2;
x12 = x1*x2;

zlx1l = z1%*x1;
z1x2 = z1*x2;
z2x1 = z2*x1;
Z2X2 = z2*xX2;
x11 = x1%*x1;
X22 = x2%x2;
datalines;
Enter the data here.
proc mixed;
class unique rep;
model y = z1 z2 z12 z11 z22 x1 x2 x12 z1x1
z1x2 z2x1 z2x2 x11  x22/solution
ddfm = satterth;
random Rep(unique) ;
run;

The unique variable enumerates the unique settings
of the whole-plot, 10 in our example. The Rep vari-
able enumerates the number of replicates of each
unique setting; three replicates of whole-plot 10,
11, and 12 in our example.
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